One-loop effects in a self-dual planar 
noncommutative theory 



C. D. Fosco, and G. A. Moreno 

Centro Atomico Bariloche and Instituto Balseiro 
Comisidn Nacional de Energia Atomica 
R84O2AGP Bariloche, Argentina. 

February 2, 2008 



Abstract 

We study the UV properties, and derive the exphcit form of the one- 
loop effective action, for a noncommutative complex scalar field theory 
in 2 + 1 dimensions with a Grosse-Wulkenhaar term, at the self-dual 
point. We also consider quantum effects around non-trivial minima 
of the classical action which appear when the potential allows for the 
spontaneous breaking of the U{1) symmetry. For those solutions, we 
show that the one-loop correction to the vacuum energy is a function 
of a special combination of the amplitude of the classical solution and 
the coupling constant. 



1 Introduction 

Noncommutative Quantum Field Theories (NCQFT's), in particular those 
obtained by Moyal deformation of the usual (pointwise) product of functions, 
have been a subject of intense research in recent years [T], because of many 
different reasons. Among them is their relevance to open string dynamics [2] 
and, in a quite different context, they are important tools for an effective 
description of the Quantum Hall Effect (QHE) [3]. In this realization of an 
incompressible quantum fluid [1], the projection to the lowest Landau level 
under the existence of a strong magnetic fleld amounts, for a two-dimensional 
system, to the noncommutativity of the spatial coordinates [5]. 

In this paper, we calculate one-loop quantum effects around both trivial 
and non-trivial saddle points, for the NCQFT of a self-interacting complex 
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scalar field equipped with a Grosse-Wulkenhaar (GW) term [6] (see also [7] 
and [8]). 

One of the interests for carrying out this explicit calculation is that, in 
spite of the many important general results for this kind of NCQFT [6] there 
are, we believe, still few concrete results obtained by actually evaluating 
quantum effects in models that include a GW-term. In particular, we shall 
focus on the divergent terms in the effective action, and on the first quantum 
corrections to the effective action around non trivial minima, in the case of 
a spontaneous symmetry breaking potential. 

We deal with a 2 + 1 dimensional model, something which makes it more 
attractive from the point of view of its potential applications to the situation 
of a planar system in an external magnetic field. At the same time, it pro- 
vides an opportunity to probe the effect to the GW term in an odd number 
of spacetime dimensions where, necessarily, some of the coordinates do com- 
mute. Finally, we also consider the important issue of calculating quantum 
corrections on top of non-trivial minima that arise when there is spontaneous 
symmetry breaking. 

This article is organized as follows: in section [2] we write down the action 
that defines the model, selecting the basis of functions to be used in the 
loopwise expansion, and extracting the resulting Feynman rules. We analyze 
the renormalizability of the theory in [3l while the one-loop corrections to 
the two and four-point functions are evaluated in section [H We consider 
quantum effects around non-trivial minima in section O In section [6l we 
present our conclusions. 

2 The model 

We are concerned with a noncommutative model whose dynamical variable 
is a complex scalar field in 2 + 1 space-time dimensions, such that the coor- 
dinates satisfy: 

[x^, Xy\ = ie^^ , /i, 1/ = 0, 1, 2 , (1) 

where O^i, are the elements of a constant real antisymmetric constant matrix. 
In 2 + 1 dimensions this matrix is necessarily singular; thus we shall assume 
that its (only) null eigenvalue corresponds to the time direction, xq, since we 
are not interested in introducing noncommutativity for the time coordinate. 
Although there are some general arguments to discard those theories [9], 
in our case the reason is simpler: we want to consider theories that might 
be interpreted in terms of effective field theory models in strong magnetic 
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fields |10| . Thus we have the more expHcit commutation relations: 



[xo,Xj] = , [xj,Xk] = iOjk , j,k = 1,2 (2) 

where 9jk = Oej^, and we shall assume that 9 > 0. 

The model is defined by the following Euclidean action: 

*5 = / {d^(p*d^Lp + Vr?Lp*Lp + ^Lp* -k Zj-k (p-k Zj) + Sint (3) 
Jx,t 

(with Zj = 9jf}xk), which is of the kind proposed in [6]. Under the extra 
assumption that fl^ = 2, the system is said to be at the self-dual point since 
it is invariant under a combined Fourier transformation and rescaling [H] of 
spatial coordinates: 

S[^,^*,9,g]= S[^^(^^),^^*(^.^,9,g] , (4) 

a symmetry that survives, as we shall see explicitly, one loop quantum cor- 
rections. At that special point, one of the terms in the commutators used to 
define the spatial (inner) derivatives is canceled with a like one coming from 
the confining potential term, leading to an action with the form: 

^ = J + 'rn^V*^ + -^V* * '^Xj'kip+ -k Xj -k Xj kr ip*^ + S, 

(5) 

where the dot denotes differentiation with respect to Xq. The interaction 
term that we shall consider may be regarded as the orientable analog of the 
ip'^ vertex, namely, 

<Sint = ^1 <p* -k <p -k ip* -k ip . (6) 



int ) 



x,t 

A 



Note that there is, indeed, yet another inequivalent analog to the vertex, 
namely: 

Sint = jA 'P* k LP* -k LP -k ip . (7) 
J x,t 

We shall not, however, deal here with a theory including this term since its 
UV properties seem to be qualitatively different [12]. The interaction term 
([HD yields a super-renormalizable theory, as we shall see in section [3l 

To carry on explicit calculations it is convenient to chose the so called 
matrix basis, since, as it can be shown, their ^-product adopts a 'diagonal 
form' : 

• fnk * fk'n' = Skk'fnn' 
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* i,fnk) fkn • 

In Appendix A, a brief summary of this and related properties is presented. 
Careful demostrations may be found, for example, in |13| . 

The coefficients (pnkit), that appear in the expansion of the field in such 
a basis, 

^{X,t) = ^(pnkit)fnkix) , (8) 
nk 

become then the dynamical variables. In terms of these coefficients, the 
action integral reads: 

^ = I V*lnitl)GlnM{il-t2)Vkr{t2) + —^ nPnun4^nun2^*ns,n2^'^3:^'i ' (^) 
Jtit2 ^- Jt 

where 

Gin,kriti - h) = 2n96{h - t2)SlkSnr{-d^ + + ^(/c + n + 1)) (10) 

is a kernel that defines the quadratic (free) part of the action. To derive the 
Feynman rules corresponding to this action, we need an explicit expression 
for A = G^^. Since G is already diagonal with respect to its discrete indices, 
we only need to deal with the temporal coordinates. In Fourier (frequency) 
space: 

nr /i 1 \ 

A.n,..(.) = + ,2 ' (11) 

and after Fourier transformation: 

^Ik^nr e"'^'^"l*i"*2| 

A;„,fc,.(ti - t2) = {^ln{ti)^lr{h))Q = , (12) 

where 

u;L = m' + ^ik + n + l) . (13) 

The Feynman rules and conventions used for the diagrammatic expansion 
that follows from this model are better introduced in terms of diagrams 
with a double line notation, to cope with matrix indices. Orientation is, on 
the other hand, assigned according to the usual convention for creation and 
annihilation operators. 

The free propagator and the interaction vertex correspond to the diagrams 
of figures [U and respectively: 

A dot attached to a line indicates that it corresponds to the first index. 
So when two vertices are connected with a double line, both the dots and the 
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Figure 1: The free propagator 




Figure 2: The interaction vertex f </'*i,„4</'ni,n2<3,„2</'n3,n4 

orientation of the hues must coincide (note that it is not necessary to attach a 
dot to the propagator). Equipped with this notation, we may easily group all 
the inequivalent diagrams corresponding to a given class. Symmetry factors 
can, of course, be calculated by standard application of Wick's theorem. 

Thus we are ready to construct perturbatively the generating functional 
of IPI graphs which we shall calculate explicitly up to the one-loop order. 

This analysis is adapted for a propagator with a simple form in the matrix 
basis. Other basis can be of interest (such as plane waves) depending on the 
structure of the propagator and the vertex [T4] . 



3 Renormalization 



3.1 One-loop divergences 

It is easy to see that the only divergent diagram of the theory at the one-loop 
level is the tadpole graph of Figure [3l 




Figure 3: The tadpole graph. Two contractions are possible. 

As shown in the figure, there is a 'free' internal index (not fixed by the 
external ones). This leads to an UV divergent contribution to the two point 
function: 

rSf™(^ -y) = ^Kn.Sn.nA^ " E ^ " (^4) 

The same amplitude is obtained writing instead of n2 and this would yield 
to a symmetric expression in ip and (p*. This corresponds to the other con- 
traction shown in Figure [3l For the sake of simplicity we concentrate now in 
one of these, and we finally give the symmetrized expression in equation [24l 
An Euclidean cut off can be implemented simply by limiting the number of 
modes we sum. Denoting by k^ax the maximum index in the (convergent) 
sum, we split it up into two parts: one of them shall give a mass renormal- 
ization term, while the other will be a function of n2 with a finite limit as 
kmax — ^ oo. We chose as subtraction point n2 = 0, in this way the singular 
contribution to F is: 

^r = ^( E — ) l/i^,ty^n^,t), (15) 
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which can be absorbed by the definition of the mass parameter. 
On the other hand, the finite part reads: 



h — kmax -I -I 

where the kmax ~^ oo limit can be taken to get a finite contribution to the 
generating functional. This yields a function of n2 that, as we shall see, can 
be written as a (one-body) potential term. 



3.2 Renormalizability and power counting 

Let us first show the theory is at least renormalizable (by power counting). 
For a given Green's function the most important contributions are given by 
the planar graphs. But taking into account the structure of the propagator 
(fTTl) any amplitude must converge better than a fermionic theory with a 
quartic vertex two dimensions (and without infrared problems). In order to 
show this we recall the standard definition: 

^vertex 

where F^, is the number of fermions in the vertex. So in our case the theory 
behaves better than 00^ = 2, i.e. a renormalizable theory. 

In order to see that the theory is super-renormalizable, note that there 
must be at least two propagators in each loop (in other case, it would be the 
one-loop tadpole contribution, that has already been considered), but prod- 
ucts of two or more propagators of the form (fTTj) yield convergent integrals, 
because the argument can be sum or integrated in any order and each of the 
iterated operation converges [15]. One way to see this is integrating in the 
worst iteration possible, this is to perform the continuous integral and then 
the sum. But if one of the propagators is multiplied by a rational function of 
the discrete variable the sum converges, and this is indeed the case (as can 
be easy verified performing the integral asymptotically) . 
There remain non-trivial cases, namely: overlapping loop graph such as the 
one shown in Figured! 

The amplitude associated with this diagram is proportional to: 



/ ^ 



ujI + m? + l{ki + ni + l)ujl + m? + |(A;2 + ris + 1) 

1 

{uji + 0^2 - qY + ni? + |(r2i + + 1 



(18) 
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Figure 4: Two loop self energy diagram. 



where ki, k2 and q are external variables. This graph is convergent iff the 
following integral is convergent: 

^ ^ xl + 1X21 + 1 x| + \X4\ + 1 (Xi + X3 - + + 1X21 + 1 ' ^^^^ 

but this is indeed the case, because is an integral of a positive function and 
the integration in each variable is convergent. Any other multiloop planar 
diagram is convergent for the same reason. In this way we see that it is 
enough to renormalize the tadpole graph. 



4 Renormalized generating functional 

We construct here the generating functional of IPI graphs for the one loop 
renormalized perturbation series up to fourth order in the field variable. 

4.1 Two point function 

We need to consider the expression in (fT6|l in more detail. This is a convergent 
series which defines a holomorphic function of n2. Introducing coefficients 
ax, so that: 

E(-^-;:;^) = E"A"2. (20) 



the relation: 



k>0 ""^'"^ ^k,o 



«a = a/V!„... (21) 



2 '"(1+22^) 



2 



= (^[^, nj + z]-Z[l, z]) U=o (22) 
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where Z is the Hurwitz zeta function, is easily obtained. It is important to 
note the smooth behavior with respect to the product m^6', this number is 
greater than zero so the argument of the function beta is always greater than 
one (i.e. in this domain the function is regular). Now we are ready to include 
the contribution of the two point function to the generating functional. The 
singular part is absorbed in a mass renormalization, while the finite part is: 

rS^Ti {^-V) = ^Kn.K.uA^ - y) (^X^ "Ari^ j . (23) 

Taking now into account the correspondence with the functional representa- 
tion (see Appendix A) , we can use the number operator to get an expression 
in the original functional space: 

^n'P, = / ^ V{^) ^^ + ^^ V{^) ^ , (24) 

A\2nV2e Jx,t VO VO 



where we have used the definition: 

^(4) = E^(^-ir- (25) 

A>1 

This shows the explicit form of the one-body potential, The first three terms 
in the expansion of this potential are plotted in Figure O for the values 
= 0, rn^O = 2 and = oo . 
It is clear that this quantum correction tends to deconfine the system, as 
it should be expected from the repulsive character of the interaction. 



4.2 Four-point functions 

Now we deal with the four-point contributions, which correspond to four in- 
equivalent diagrams, which we study below, together with their correspond- 
ing contributions to the action. The diagram of Figure [6] contributes with: 

r-p _ S{2'n6g) rni en2 rng rn4/ An4ni,n.4ni\2 (r)p\ 

~ 2(4!)2 "(*i-*2)"(*3-*4)^n3'^no'^n7'^n6l^(ti-t3) ) ' l^OJ 

where S* is a symmetry factor. To obtain an explicit expression for the quan- 
tum correction to the action we will consider a low energy approximation, 
assuming we are concerned with the physics of this system up to n^°'^ (which 
is a kind of low-momentum approximation) . 
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Figure 5: One-body potential due to quantum corrections. rn^Q = (Short 
dashed) ,m^6' = 2 (Long dashed), m'^O — > oo (bold). 




Figure 6: 

Thus, assuming the condition 9m'^ » ri^'^^ for the external indices, we can 
write: 

'^r = ^ v'c^-*))' > « > , (27) 

where a is independent of the parameters of the problem. Another contri- 
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bution is the one represented in Figure [71 Its analytic expression is: 




Figure 7: 



-S{2Txegf 



Ar — "V ^' r. rne rna rn2 rns A"i"4,nin4 A no"5,non5 (c)q\ 



2(4!^ 



Using the same approximation as for the previous diagram, we see that it 
may be approximated by 



5V 



-a- 



9^ 



m 



302 




t J X 



a > . 



(29) 



Another nonequivalent diagram of this class is represented in Figure El Under 




Figure 8: 

the same approximation we used before, it contributes with: 

,2 



5V = —a 
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t J X 



( / <^(x,t)*<^(x,t)) , a > 
11 



(30) 



Thus under this approximation all non-planar contributions have the same 
expression. Numerical factors (we call a in equations [271 EH and [30|) can of 
course be different. 

There is also a planar diagram with one of its indexes not fixed by the external 
ones, Figure [9l Because of this its contribution is more important than the 




Figure 9: 

previous ones: 

'^r = ^^^^5,,„,,)5,3-.,)CCCC E A^-J/Aj-i- , (31) 
which we again approximate, with the result: 

5T = -a{g9^)Z^3 2+ern? ^g j ip* -k ip -k ip* -k ip , a>0. (32) 

This diagram has a finite 6rn? — > oo limit. Indeed, 

lim JlcZf-i = 3 , (33) 

where /3 is a positive number of order unity. So we have 

5T = -ap— [ LP* kLfi^Lp* i.Lp , a>0. (34) 
m J 

In this way, we see that only the last graph is leading when — > oo. 
This is a consequence of the free internal line (loop) which gives the most 
important contribution to the generating functional in this limit. 
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4.3 Approximate generating functional 



Joining all the previous pieces, we get an approximate expression for the IPI 
functional, in the 9im? oo limit. 

4!27rV26' Jx,t \JQ \JQ 

— afi — / ip* -k if -k if* -k u) . (35) 
m J 

The approximation have been used to eliminate some of the four point con- 
tributions. Taking into account the form of the coefficients in the two point 
function it is easily verified that if the series which defines the one-body 
potential is truncated, this correction vanishes as well. We do not have, how- 
ever, a closed analytical expression for that correction, so this term should 
be kept. 

If further corrections are taken into account under the approximation 9m? 
oo non-planar diagrams can be eliminated as in the four point function case. 
It is easily seen that if a series of internal lines connected to external legs are 
replaced by an internal loop the amplitude results a factor 9m'^ bigger than 
the non-planar case. So, for example, if the two-loop self energy diagram 
is considered as in Figure [H the non-planar case would be suppressed by a 
factor 0{ /g^2i2 ), and so the latter correction would not be important. 



5 Non trivial vacuum configurations 

Using the properties of the matrix base, exact classical solutions to the equa- 
tions of motion can be found. A natural question is whether we can define 
a sensible quantum theory around those non trivial vacuum configurations. 
As we shall see, this is indeed the case. We will also analyze how the vacuum 
energy is shifted under variations of the parameters that characterize the 
solutions. 



5.1 Classical solutions 

Considering the real-time action associated to the Euclidean one of ([5]), we 
see that a classical solution must satisfy: 

V3 + + ^{Xf, -kx^-kip) + ^{ip-kx^-kXf,) + 'k(p*'kip = . (36) 
Using the ansatz 

ipnk{x,t)=e'''"''fnk{x) , (37) 
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we have a solution to the nonlinear problem if the following dispersion relation 
is satisfied: 

^lk = m' + l{n + k+l) + ^ . (38) 

This means that, at the classical level, objects with typical size 9 can be stable 
(note the difference with the commutative case). There is a vast literature 
on the subject of solitonic solutions for noncommutative theories, some basic 
references are [I] and [T6] . 

In order to study the quantum corrections, we deal next with the Euclidean 
version of the problem. 



5.2 Quantum case 

Consider again the Euclidean action The condition for an extremum 
with an ansatz such as (l37l) is 



nl, + m' + ^in + k + l) + ^ = 0. (39) 

If we focus on time-independent solutions, a symmetry-breaking like potential 
is needed in order to have an extremum. We will, however, continue the 
discussion for a different kind of solution. As it may be easily verified, ip = 
rifoQ is a solution of the equation of motion if: 

+ ^ + ^ = . (40) 

In the same way it is possible to generate more solutions of the form = ?7/„fc, 
with a non-linear condition for the amplitude. We will focus on the funda- 
mental one ((/? = ///oo) for an explicit analysis. 

A first question is whether a generating functional (in the path integral for- 
malism) can be constructed by expanding around this extremum. Next we 
want to know the dependence of the vacuum energy with the parameters 
of the problem. Let us first deal with the first (stability) condition. The 
second-order correction about the extremum of the Euclidean action is pa- 
rameterized as follows: 

\{\.)ns)[l.) (41) 

where x is the fiuctuation around the non trivial solution, and M.{S) is the 
Hessian matrix: 

525 525 



525 S^S 



(42) 
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with the usual notation for kernels. So the consistency condition is equivalent 
to check that all eigenvalues of this matrix are positive. In fact we already 
have a basis of eigenvectors {v^/v^ = e*^*/n/c(a^), n,k ^N, G M}, and the 
eigenvalues are: 

' + m'^ + ^{ni + n2 + 1) ui, na > 1 

< + 777,2 + Km +712 + 1) + ^ r7i,2 = 0,772,1 > 1 

. n^ + m^ + l + ^ r7i= 772 = 

Using the condition [40] the set of eigenvalues is: 

< + |(ni + 772) ni,2 = 0,772,1 > 1 

. + ffl! m = 772 = 0, 

which are all positive if gr]'^ < 

Now the vacuum energy shift between two sets of parameters associated with 
the eigenvalues {X'^{fl)} and {A„(r2)} can be evaluated as: 



AE = 




This shows there is a way of changing the parameters such that the energy 
remains constant, if we mantain 777 and 6 constant and if the product grj'^ 
does not change then AE = 0. But note that we can change the coupling 
constant g and the amplitude of the solution rj, with just one constraint. 

In reference [I7], a throughout study of non-trivial vacuum configurations 
in (real and complex) scalar models in 2 and 4 spacetime dimensions is pre- 
sented. The kind of ansatz that we consider here may be regarded as an 
embedding to 2 + 1 dimensions, of one of the solutions considered there for 
the 2-dimensional case. 

6 Conclusions 

We have shown explicitly that the self-dual model is a super-renormalizable 
theory, carrying out the explicit one-loop renormalization procedure, and 
evaluating the corresponding contributions to the effective action to that 
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order. We have also found an approximate expression for the generating 
functional of proper vertices, under the assumption: rn^O >> 1. 

Besides, some non trivial solutions in the presence of the GW term and 
a symmetry breaking potential have been found at classical level, and it 
was shown that they are stable under the leading quantum corrections, by 
evaluating the exact eigenvalues of the Hessian around those extrema. The 
resulting dependence of the vacuum energy on the model's parameters has 
also been explicitly found. 
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Appendix A 

In this section we will briefiy derive the properties of the basis which 'diag- 
onalizes' Moyal product: 

(/^^7)(.) = /(.)e^''-^%{.) . (44) 

First we build an operatorial representation of the algebra. Consider two 
hermitian operators such that [a;i,a;2] = i9, and define the creation an anni- 
hilation operators a and a): 

[a, a'J = 1 . (45) 



29 

To connect the algebra of functions Q with the algebra of operators Q' con- 
sider a map 5"^ : / G ^ — G Q' defined by the following equation (here 
time is just a parameter): 

^/(^) = / 7Tr^/(^' ^) ■ e^^^^^*^^''^'^ : ■k = h + ik2 , (46) 

where :: denotes normal ordering and / is the usual Fourier transform: 

f{Kt)= [ f{x,t)e-^'^'^ . (47) 
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It is the work of a moment to verify the properties: 

Of., = OfO, (48) 

^0.^) = [^^2, Oj] O^e^j) = [-'-x„ Of] . (50) 

So the Moyal product in the algebra of functions is mapped to composition 
of operators. On the other hand, there is a special class of operators that 
allow a very easy way to perform composition, namely the ones which have 
the form \n) {k\. So if we know fnk G G/0{f,^^) = \n) {k\ we would have 

fnk * fk'n' = ^kk'fnn' fnk — fkn , (51) 

because of equation (1481) . This is the basis we mentioned above. To get an 
explicit form of the condition 0/„j, = l'^) (^| is enough to take matrix ele- 
ments in equation fll6l) and use that Laguerre associated polynomials (L^"""''') 
are complete (very useful identities can be found in [IB]). Looking at the 
coefficients we find that the Fourier transform of such a function in polar 
coordinates is: 

fn^M = 2vr^y|(zy|)-"e--("-V-"e-^Lf-)(^) , (52) 
so for example a diagonal one is a Gaussian times a polynomial 
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